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INFLUENCE OF MATERIAL INHOMOGENEITIES ON THE STRESS DISTRIBUTION NEAR A
THIN ELASTIC INCLUSTON*

A.A. YEVTUSHENKO and V.I. PAUK

A solution is obtained for the plane problem of elasticity theory for a
thin-walled elastic inclusion in a matrix whose shear modulus depends
exponentially on the coordinate that coincides with the axial line of the

interlayer.
A solution of the problem for a crack in a plane with shear modulus
ppy=p{+cly), c=const 1/ and with a shear modulus p(z) = p™, =

const /2/ has been constructed earlier.

1. Pormulation of the problem. The elastic equilibrium of an inhomogeneous plane
containing a thin inhomogeneous elastic inclusion of small thickness 2h (Fig.l) on a segment
[—a, al of the x axis is considered. The matrix material possesses the variable  shear
modulus u (z) = web*, B = const and the constant Poisson's ratio v, and for the inclusion
material pgo (2) = pee®™*, Po= const and vy, respectively. The mechanical contact between the
inclusion and the matrix inhomogeneity is characterized by total adhesion. The composite
body is under the conditions of the plane problem subjected to a uniform tensile load at
infinity.

When taking account of the small thickness of the inclusion and the symmetry of the
problem, the interaction of a thin elastic inclusion with the surrounding medium can be
described by the system of differential relationships /3, 4/

2o (2} 1, , (2, +0) = £,oV () — e300y (7, +0) a1
240 (2) v (2, +0) = k leyg0, (2, +0) — ey (2)]
N@=N—a)—4 {0yt +0d —a<a<a

eo = (1 + %)h, co= (3 — %o)/4

%y = (3 — vo)/(1 + v, for the generalized plane state of stress %, = 3—4v, for the plane
strain, and N ({—a) is the normal force on the endface = -~g of the inclusion.

2. Method of solution. By virtue of the linearity, the solution of the problem under
investigation can be represented in the form

{o, u) = (c°, &°) + (o*, u*) 2.4

where ¢° = {0, 0,°, 0y°) is the stress, u’ = (u°, v°) 1s the displacement due to a given
external load in an inhomogeneous plane without an inclusion (the fundamental problem}) and
o* = (0,*%, 0,% 0,*), u* = (u¥, v*) are the stress and displacement for the perturbed part of
the problem. Assuming the quantities ¢° #° to be known, we can determine the values o*, u*.
Let U(z y) be the stress function for the perturbed part of the problem. Then

*x €
0¥ =Uyy 0 =Uszzy Oxy=—Uy (2.2)

Substituting (2.2) into the strain compatibility equation taking Hooke's law into account
we obtain the differential equation

ViU — 25V2U.x+ ﬁZ (U,xx - CU,yy) = (2 3
€ =cyley oy = (1 + w4, ¢ = (3 — x4 9
% = {3 —v)/(1 +v) for the generalized plane state of stress, x =3 — 4v for plane strain,

and V? is the Laplace operator. We will seek the function U {z,y) in the form of the
Fourier integral
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v :
1 ¢ = .
T Uiz, y) == S U, y)e*da, —oo<{x<o0, y>0 (2.4)
¥ -
s Ty)= § U@ ypemds, —sx<a<oo, y>0
{
/ We then obtain from (2.3)
2k
s ., x
-a 0 a du‘ + (2ifoc — 202 — cﬁﬂ)-—-— -+ (ot — 2ife® — Py T =0 {2.5)
l 1 The general solution of (2.5) that decreases at infinity
P has the form
Fig.1 Ula, ) = A(@)e™ + Ay (@) e, y >0 (2.6)

my = ((—yy + VY2 my = ((—y; — v,)/2)s
Y = 2iBa — 20% — B, v, = (B — 4if%a - 4Bleat)s

(A {o), A, (@) are complex functions). We find

oo

ot (@ y) = S N A@mpe e da @.7)
e S
O':y (I, y) = er S Z A (C{,) m]g_mjye—lxa. do

1 —m Yy —ixt
2 (@) ulc (e, y) = 5 S le,-A,- (@ye e da

2p (x) vrelr, )= — S (B + ia) 2 LA () € e - g

L =002+ em®, by=co?+emp j=1,2

from relations (2.2), (2.4), (2.6) and Hooke's law.

Here and everywhere henceforth, unless otherwise stated, the summation is over J from
j=1 to j=2.

Let us use the notation

O‘x'y‘.l (z’ +0) = fl (x)7 2}’» (-?,') vfx (xs +0) = fz (3)1 — 00 < 3 < 00 (2.8)

where f;{r) =0, |z|>a. Taking (2.7) into account, we obtain from relationships {2.8)

: : (2.9
Are) = — P (@) + e P @) )
z 2
Ay () = 5 Fy @) ——primymam P @)

«Q

Fie) = § featde, j=1,2 m=m2—m?

Substituting the functions A, (&), A, (@) into (2.7) and passing to the limit y— 40
we obtain

0* (2, +0) = lim [ S N s mste vt (2.10)

@uls +0) = lim [ { BV 0k y, 98], —»<zle
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Here
%W%Q=§mww%ﬁ&memh+
o
St i S5 -
Hyfe y) = '"‘l“e_m';;m"m“e_m’y . Hp(a,y) =20 (—(?:’l"a; :mmle""%
H,, (@, §) = — mx‘lnlaxf'::;cj;n Mglnlge ™Y
R
As follows from (2.6}, as |a|[—> o0 we have my~— |a |, and relationships (2.11)
result in the equalities
Hyj (e, y) = ?vkj-ibele—!&ivY kj=1,2
My = 01;-:2 ’ )‘12=~2171-, Aoy =_€f_‘__“_§_02_1:3;3ff_’ hgy = c;z—ch

Taking account of the value of the integral

oo

1 o3 ; t—=z
_ s @0 YR (E-X) g, o e T T
o § et de =

—co

we obtain from relationships (2.1), (2.10), (2.12)

oy(e, + 0) =0, (2) + = S pWAC) [T’g% + kg (s t)} dt

—a

2 (2,2 (2, -+ 0) = 20(2) s (2) + — S Zf,-(t) [,—i’_l; + kyj (2, x)] dt

n
—a

kjlay 1) = S{Be [M; (@) ei®t-0] — A sin(t —z)alde, Kk j=1,2
o

n mym
My, (o) = W:,,T v My (@)= m » Mp{a)=— '2‘:‘ My, (o)
My, (@) = — soel Lo il _';a';':;r:li+ )

m, = my + My Ny = G — Gy, Ny = G0 — oy,

2.11)

(2.12)

(2.13)

Substituting (2.13) into the conditions for interaction between a thin-walled elastic

inclusion and an inhomogeneous matrix (1.1) and changing to dimensionless quantities,

obtain a system of two singular integral equations

| ey

1
T

Yo 2 + bsign @ —0) + Ky @, 1] ar = 0ye)
1
E=1,2—1<E<1

Here

K” (gf T) = )‘2k1f (a‘g’, ET) -+ kzj (agx GT)
Ky (6 1) = My (ak, at),  @;(7) = f;(a7)
@y =hohps + hap gy =Rhhy Aje=offk, =12
D, (8) = — 440,° (a8) — 2 (aB) u'x (ak) + Y2 [N (a) + N (— a)]

we

(2.14)
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D, () = — 10,°(al) + 12 [V (a) + N (— )] + Vsho' [V (a) + V (—a)]
F1799 e i1
by = Tho by, =0, b31=2ho’ b22=‘—‘m
N w)=Y,[o.(w, k) + 0, (w, —h), Vw)=pw)vw,k)—v@w, —h)
Po (a%)

BICA T

%

h z t
=2 t=73, T=7, w=-a

The required functions g, (1), @, (1) satisfy the additional conditons

1

§ os(mdr =B, j=1,2 @.15)
21
B, = ho IV (—2) — N (@)}, B, =V (&) =V (—a)

A priori formulas for calculating the axial force N (w) and the relative vertical
displacement V (w) on the endfaces w = = a of the inclusion are presented in /4/.

The system of singular integral Egs.(2.14) and (2.15) describes the elastic equilibrium
of a plane with an inclusion of arbitrary stiffness: from absolutely compliant (crack) to
absolutely rigid. 1In the case when the mechanical parameters of the matrix and inclusion
are equal, it follows from the system of integral Eqs.(2.14) and (2.15) that @,;(1) =0, (i=1,
2) and therefore, the absence of perturbations induced by the inclusion. For k=0 we
have ¢, (1) =0 and the integral equation

k14
-1

L (o[22t k@l = —00(at), —1<E<1

for a crack in an inhomogeneous plate, obtained earlier /2/. If Xk -—> oo, then ¢,(1) =0
follows from (2.14) and

o [+ @] dr= — @ ul @), —1<i<t

-1

is the integral equation for an absolutely rigid inclusion in an inhomogeneous plane. Setting
B = P, = 0, we obtain the solution for a thin-walled elastic inclusion in a homogeneous
matrix /5/.

3. Numerical analysis. We will represent the solution of the system of integral Egs.
(2.14) and (2.15) in the form

P =G,y 1—7, —1<r<t, j=1,2 3.1y

(6;(vy is a bounded measurable function). Substitution of the representation (3.1) into the
integral Egs.{2.14) and (2.15) and utilization of the analogue of the Lobatto-Jacobi quadrature
formula for singular integrals /6/ lead to a system of linear algebraic equations

n 2
a5 &) .
Z; w, Z{ 6,(1,) [%WL by;sign € —©,) + K, ; G Tr)] -
r= 1=

DE)y I=12,..,n~1; k=1,2 3.2

n
D WG (t)=Byn, j=1,2
r=1

Here
1 , 1
Wi=W_ =-57——r, W = —— r=2,3, R 1

r—1 2l —1
rr=cos(ﬁu), r=1,2,...,n; §l=cos( 5w — 3 n), 1=12,...,n—1

The system of linear algebraic Egs.(3.2) was solved numerically in the case of equality
of the matrix and inclusion inhomogeneity parameters p=8, and p=p,, The solution of the
fundamental problem has the form
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aS=p (e, =—cp

and B;=0(=1,2 in (2.15). The state of stress in the neighbourhood of the vertex of a
thin elastic inclusion is characterized by the stress intensity factor

kT (w) = xlllg VZiz—w) o,(zw), w=+ta (3.3)

Substituting the value o, (s, +0) from relation (2.13) into (3.3), we obtain

Hta=pValk! (£a+k'(+al E(ha)=TFr6,&1), =12

The vertical displacement of the edges of an inclusion was additionally investigated
for compliant inclusions (k< 1) , while the distribution of shear stresses on the inclusion

axis was studied for stiffer inclusions as compared with the matrix (kx> 1). The following
interpolation formula was used here /6/

(3.4)

n—3

600 =560+ 506, (—1>+<1—1)L b Up ()

m=0
ﬁ 1—1.'r

bd= 1) [G(t) ~5 6;()— —5 6, ] i=1,2
r=2

(Um () are Chebyshev polynomials of the second kind). Then
Ty (@0 + 0) = (a2 — 22726y (a/a)

and integrating the second of relationships (2.8) with respect to T while taking account of
(3.1), we have

(3.5)

5.
2 (@) v ((lz) _ 3 10/,1(21112 + V(:a) (3.6).
-1

Substituting the value of G;(7) from (3.5) into relation (3.6) and evaluating the
integral, we find
1 T —
v(l) =T(arcsin§+7—l/1—§z) G (1) + 3.7

2p (=)

-;—(arcsing-i- +yYT—=¢ )Gz(—i)—i- <arcsm§+ +§]/1—§2)

n—3

P Upa ) Una(® V(—a)
Vi—gzz bm2< ::—2 - m1 )+ aa

m=;

Computations were performed for the case of a generalized plane state of stress for

k=04, v=v,=03. It is required to take n=735 for the most unfavourable parameters of
the problem to achieve a 1% relative accuracy.

Table 1
" K+ Ko+ K, K,
10-4 —0 1093 —0 898
102 —4 896 —3 772
101 —14 345 —11 320
10 73 1 64 1
102 112 0 95 0
104 118 4} 100 0

The dependence of the stres intensity factors on the inhomogeneity parameter B turns out
to be almost linear for j=103( =2 and k= 10%(j = 1)

KyT =111+ 108, K.¥ — 980 4 1008
KF =k (£ pla e 103, j=1,2)
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Table 2
k=01 ‘ k=10
b K+ Kyt l X~ l K \ K+ ‘ K-
—12 335 —12 335 69 69
8.2 —13 340 —11 329 71 67
0.4 —13 343 —11 323 72 65
0.6 —14 346 —10 317 73 63
0.8 —15 348 —10 310 4 61
1 —16 350 —10 304 75 59

The dependence of these quantities on the relative stiffness k of the inclusion is given

in Table 1 for =105 values of K (=1,2 as a function of the inhomogeneity par-
ameter B are presented in Table 2 for =104 and #=10 {in the latter case K, %=1 for
all B).

Fig.2

The distribution of the shear stresses (a® — 00,y (z/2)-10 over the axial line —a<z<a,

y=0 of the inclusion is shown in Fig.2 for % =10 (curves 1) and the normal displacements
2p (z) v (2)/(ep) found by means of (3.7) for a compliant inclusion for & =10 {curves 2) for
B =10 {the solid line) and § = 0.5 {the dashed line).
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